L30 8.3 Powers and products of Trigonometric functions (#1.= =" [FFEYFY- ¥ PeA15e7)
Part II: Other trigonometric functions (Conti.)

8.4 Integrals involving v a2*x2, v/ x2-a2; trigonometric substitution (= E"’Jﬁ[’*\ﬁ)
8.5 Partial Fractions (jﬁﬂ 7371 7Y)

If £ 15 twice differentiable on [a,b] and f(a)=f(b)=0, show that

[ a1 e=-2f e

Isec3 xdx = jsec X-sec? xdx = sec x tan X — Isec X tan? xdx
=secxtan x— '[ sec® xdx + Isec xdx

1 1
= J'seCS Xdx = Esec xtaax+§ln |secx+tan X|+C

'[secs xdx = jsecz x(tan® x +1)*dx = jsec2 x(tan® x + 2tan® x +1)dx

:Etan5 x+ztan3 X+X+C
5 3

(Im) Jtan'“ xsec" xdx (or jcotm xcsc” xdx )
(1) n1iseven
'[tanm xsec”™ xdx = Itanm(tan2 X +1)** sec? xdx = J'u”‘(u2 +1)**du

(1) n1s odd (m 1s odd)

Q:m £L{+ ’ﬁ[ﬁ‘j [ 7| substitution ? Azodd © (substitution RLFE A 5§57 sk R HTAY)

21+1

J‘tanz“*1 xsec”*! xdx = Isec x tan x(sec® x +1)* sec® xdx = j(uz +D*u®du

(1) n1s odd (m 1s even)

.[tanz“ xsec” xdx = I(secz x—1)*sec” dx = > _sec" dx
N
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eg.

5 4 5 2 2 l 8 l 6
©) Itan xsec” xdx :Jtan x(tan” x +1) sec” xdx :gtan x+€tan +C
@) J'tan2 Xsec xdx = J'(sec2 x—1)sec xdx = J'sec2 X -sec Xdx — '[sec xdx

1 1
:Esecxtan x—zln|secx+tan x|+C

Ay R > 25 PR T A

® J'tan5 xsec® xdx = Isec x tan x(sec” x —1)* sec x*dx
6 4 2 l 7 2 5 1 3
:_[secxtan X(sec” x—2sec” X +sec x)dx:7sec x—gsec x+§sec +C

Ex:415(28.31.37.42.44) substitution ﬂﬁ (e 1 A @EU%‘,IU?

$ 8.4 Integrals involving ~a?+x?, ~/x2—a” trigonometric substitution

Integrals involving va’+x®, vJa?-x*,and vx*—a’ can often be simplified
by making a trigonometric substitution.
a’— sin‘u+cou’=1

2 2 2
a— tanu+l=secu
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Let a>0
(1) For +va*-x*, set x=asinu. Then dx=acosu du and u:sinlg

. uE[—ﬁ,z].Hence \/az—XZ=a|COSu|=aCOSu(','uE[_%, )

z
2'2 2
u

(1) For va*+x*, set x=atanx. Then dx=acosu du and u=tan™ "

" uE(—%,%). Hence \/aZ—XZ=a|SeCU|:asecu('fue(—%,%))

L u
(i) For «x*-a*, set x=asecx. Then dx=asec du and u=sec 15

R UE[O,%)(%,ﬂ].Hence \/xz—az=a|tanu|('.’u€[0,%)(%,n])
dx
eg. O J'—§=?
(9-x*)? 3 |,
pf: Let x=3s1nu, then dx=3cosudu vV 9-x72
dx 3=I3(x’$uo“:=l_[sec2udu=1tanu+C=1 X _ic
(3cosu)® 9 9 9 ./9_x?

(9-x%)?
eg @ J'\/a2+x2dx:?

pf: Let u=atanu, then dx=asec’udu

2 2
a a
J\/a2 +x2dx:jasecu -asec? udu :azjsec3 udu :?secutanu+7ln|secu+tanu +C

a’va’+x* a’, [va*+x®+x -
+—In|————+C Ja 24x"2 .

S L R
a
a

2 a



L30 8.3 Powers and products of Trigonometric functions i#1.= ¥R Ry F{ 16
Part II: Other trigonometric functions (Conti.)

8.4 Integrals involving v a2*x2, v/ x2-a2; trigonometric substitution (= E"’Jﬁ[”“\?ik)
8.5 Partial Fract10ns (IFF[ 7371 7Y)

pf: Let x=2secu, then dx=2secutanudu 2
'[ I 2secu tanudu 1j cosudu ——sm 0§:£
0 4sec’uf2tanu| 4 4

Ex:P412(13.14.21.26.31.32)

§ Partial Fractions

Thm _[ P(x) dx EFEEH s > where P and Q are polynomials.
pf:Without loss of genenality(=W10G)( >~ 4&[%), we may

deg Q>deg P (degree of Q) (i.e. Px)/Qx)fLEr 5574
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LR R lemct A A A
Step2:¥f2) — [[d(ax+b) A ety (ax+b)2 +ot (1) , where A, A A ER

SR [ RN @ +bxe) R E

AXx+B, AX+B, A x+B,
5 T T
(ax® +bx+c)” (ax” +bx+c) (ax® +bx+c)

Al AnBi, - BsER

o 3x+2 A +Bx+C
g'(x+1)(x2+1) x+1 x°+1




